Abstract-A composite control law for end-effector path tracking with a flexible structure mounted manipulator system is proposed, such that no disturbances on the flexible base are induced. The control law is based on the reaction null space concept introduced earlier to tackle dynamic interaction problems of freefloating robots, or moving base robots in general. The control law is called composite since it ensures base vibration suppression control as well, although independently of the reactionless motion control subtask. The requirement of task independence is essential to avoid the appearance of complex dynamics expressions in the control law, such as nonlinear velocity-dependent coupling terms and dependencies of inertias on the elastic coordinates.
I. INTRODUCTION
T HE concept of a so-called macro-micro manipulator system was introduced by Sharon and Hardt [1] . A small, high-bandwidth manipulator was mounted on the end of a larger one, and the former was controlled to compensate inaccuracy due to the latter. This concept has evolved throughout the years to meet mainly two types of application demands: nuclear waste cleanup [2] , [3] and space robotics [4] , [5] . We shall refer to such manipulator systems as flexible structure mounted manipulator systems, or FSMS in short.
The control of an FSMS is quite challenging due to complex dynamics, and the presence of dynamic coupling between the two substructures in particular. Such coupling exists regardless of whether the macro part is set in motion or kept stationary. The former case is clearly the more difficult one [6] - [8] . In the latter case, the macro subsystem can be modeled as a passive flexible structure. The motivation behind this case is that, usually, the large arm is actively controlled only when relocating the small arm. Once located at the work site, the small arm is controlled to perform a dextrous operation. Thereby, it may induce some undesirable disturbance in the large passive arm [9] . This latter case will be discussed herein. Literature survey shows that for single-arm FSMS three main control subtasks can be identified: (1) base vibration suppression control [9] - [12] , (2) design of control inputs that induce minimum vibrations 1 [13] , and (3) end-point control in the presence of vibrations [14] , [15] . A major conclusion is that till now, control subtasks have been tackled mostly separately. Only recently attempts are being made to combine control subtasks into one controller with improved performance. One example is the work of Cannon et al. [13] , where control subtasks (1) and (2) were combined. Another example is the work of Hanson and Tolson [16] . The authors discuss the important problem of end-point control in combination with vibration suppression control. It should be noted that this task can be solved only when redundancy is present. Hanson and Tolson introduce therefore a kinematically redundant micro part. Vibration suppression control is derived from the null space of the manipulator Jacobian.
The main aim of this work is to propose a composite control law capable of solving all of the three control subtasks above. This composite control makes use of an approximated inverse dynamics model. The approximation reduces computational cost and real-time control becomes feasible despite the complex nature of the problem. Note that realtime is an important issue because the main control mode of FSMS is teleoperation. In spite of the approximation, our approach remains general enough to cover not only singlearm FSMS but also FSMS's with multiple dextrous arms. Such systems we consider important because they enable a control strategy which can be based on so-called dynamic redundancy. As already explained, by necessity, we have to consider the presence of redundancy. Kinematic redundancy is one candidate, however, it might not always be a good solution to the problem at hand. Note that kinematic redundancy resolution techniques suffer from the presence of algorithmic singularities. The work of Hanson and Tolson demonstrates this fact. On the other hand, dynamic redundancy is ensured by incorporating actively controlled dynamic parameters, such as inertias and link centroid locations [7] . Such type of control can be obtained via proper arm motion control of FSMS's with multiple dextrous arms [5] .
The main contribution of the present work is the combination of two methods developed earlier for free-flying space robot control and for flexible-link manipulator control. First, we will show that the technique for reactionless motion planning [18] , [19] and control [20] of a free-flying space robot, referred to as the reaction null space approach, is well suited to the problem at hand. Via the reaction null space approach we provide a solution to the second control subtask identified above. Thereafter, within the same framework, we introduce a vibration suppression control law (control subtask one) similar to that used for vibration suppression in flexiblelink manipulators [21] . Finally, we show how to extend the formulation to cover also the third control subtask.
The paper is organized as follows. Section II introduces notation and gives some background on the vibration suppression control approach for flexible link manipulators of Konno et al. [21] and the reaction null space approach [22] . In Section III, we show how the concept of reaction null space relates to FSMS. Section IV introduces two control laws for base vibration suppression. Section V discusses reactionless end-effector path tracking control. Sections VI and VII present experimental data from a computer simulation and from the experimental setup TREP at Tohoku university, respectively. Finally, the conclusions are given in Section VIII.
II. NOTATION AND BACKGROUND

A. Equation of Motion
We consider a manipulator arm consisting of joints. The system dynamics can be written in the following form, see e.g. [9] : (1) where denotes the positional and orientational deflection of the base with respect to the inertial frame 2 , stands for the joint coordinates of the arm, and denote base inertia, damping and stiffness, respectively.
is the inertia matrix of the arm.
denotes the so-called inertia coupling matrix. and are velocity-dependent nonlinear terms, denotes arm joint damping and is the joint torque. We do not consider external forces here, including the gravity force, having in mind a noncontact task in micro gravity environment. We note, however, that the micro gravity assumption should not be regarded as a restriction upon the scope of the method introduced herein. Gravity terms can be included into the above equation of motion. A respective compensating term in the control laws below would then account for the presence of gravity, without invalidating the results.
We will now briefly overview two existing techniques to be used as a base in further derivations. One of them is the flexible-link manipulator active vibration suppression technique of Konno et al. [21] . The other one is based on the reaction null space approach to a moving base robot [22] .
These techniques have been independently developed, each one using a different assumption to approximate the complex dynamics.
B. The Vibration Suppression Control Subtask
The vibration suppression control subtask has been solved by Lee and Book [9] based on the singular perturbation technique. Another possible approach is that of Konno et al. used for active vibration suppression of a flexible-link manipulator [21] . At this point, we should note that the equation of motion of a flexible-link manipulator has exactly the same structure as (1) above. The difference is that the flexible coordinates of the FSMS are concentrated at the base, while those of the flexible-link manipulator are distributed over the kinematic chain [23] .
The essential assumptions in the work of Konno et al are two:
1) since the arm is stationary at the initial instant, the nonlinear velocity-dependent terms and are approximated with zero 2) the deflections are assumed small, and hence, all inertia submatrices are approximated to be functions of the joint variables only. Note that, also in the case of an FSMS, these two assumptions are sufficient to cancel all velocity-dependent terms, including those which do not contain the joint velocity explicitly (i.e., Then, the upper part of the equation of motion can be linearized around the equilibrium of the base (2) Without loss of generality, here and henceforth we may ignore base damping. Choosing the control acceleration as (3) where is a constant gain matrix, denotes the right pseudoinverse of the inertia coupling matrix 3 , and noting that being an unit matrix of proper dimension, we obtain a damped vibrational system.
C. Reactionless Motion Control Subtask
The assumption regarding a stationary initial state of the manipulator is essential in view of a flexible-link manipulator, where the number of elastic coordinates is usually larger than the number of actuators (in our terms, Now, let us consider the opposite case: a system comprising more actuators than elastic degrees of freedom. In this case we can relax the constraint for stationary initial configuration. The reason is as follows.
At we assume a stationary base Then, we look for motions in the micro part which would maintain the zero state of the base. Since the base is stationary, again, all inertia submatrices will be functions of the joint variables only.
In addition, all nonlinear velocity-dependent terms contributed by the base deflection rate will be zero. With a stationary base as initial condition, the base reaction wrench due to motion of the arm can be written as (4) where denotes the position of the total center of mass of the arm, stand for the inertia matrix, angular velocity, mass and center-of-mass position for link respectively, and The base reaction can be rewritten in terms of arm joint variables, as follows: (5) The state of stationary base will be maintained under a manipulator control law, if it exists, such that for all
In this case, base equilibrium is
Note the difference when compared with the result from the previous subsection: the term does not appear in (2) because of the assumption of stationary initial configuration. Our further derivation will be based on the last equation since the main assumption here is
The specific motion of the manipulator that maintains base equilibrium, i.e. (7) we call reactionless manipulator motion. The above equation can be integrated to (8) where is the integration constant. This integral has been called the coupling momentum [24] .
III. THE REACTION NULL-SPACE OF FLEXIBLE STRUCTURE MOUNTED MANIPULATOR SYSTEMS
The reaction null space concept has been originally formulated with regard to free-floating space robots [18] , [19] . Here we apply the same idea within the framework of FSMS's.
A. The Inverse Problem
We are interested in specific manipulator motion which would induce zero disturbance to the base.
Proposition 1: (Zero reaction)
The manipulator does not induce any reactions to the base if and only if the coupling momentum is conserved const for all The proof follows from the direct examination of (5) and (8) .
The inverse problem is defined as "given the condition of reactionless motion, i.e. zero base reaction (or equivalently, constant coupling momentum), find the joint acceleration (or the joint velocity) which would maintain this condition."
As already pointed out, the assumption that the system at hand has more actuators than elastic degrees of freedom plays an important role herein. This is in fact a kinematic redundancy condition, with respect to the base motion task.
Proposition 2: At a manipulator configuration such that rank rank 1) Zero reaction is achieved with the joint acceleration (9) where is arbitrary; 2) The coupling momentum is conserved with the joint velocity (10) where denotes again an arbitrary vector. Proof: Substituting from (9) into (5) and taking into account that under the above rank condition one obtains with any initial joint velocity and also Similarly, substituting from (10) into one obtains where the initial velocity is such that
The expression appearing in both (9) and (10), stands for the projector onto the null space ( ) of the inertia coupling matrix.
Definition 2: The null space of the inertia coupling matrix is called the reaction null-space of an FSMS.
From (10) it is apparent that the joint velocity comprises two components: one from the reaction null space, and the other from its orthogonal complement. The reaction null-space component does not contribute to the coupling momentum, and hence, it would yield zero reaction.
Corollary: With zero initial coupling momentum, zero reaction is obtained with the velocity (11) We are interested in the component especially from the standpoint of integrability. At each manipulator configuration the columns of the null space projector induce a smooth distribution [25] in joint space. In case of wellconditioned inertial coupling at (i.e. the rank condition for the inertia coupling matrix in Proposition 2 holds), then the distribution is nonsingular. According to Frobenius' theorem, a distribution is completely integrable, if and only if it is involutive. Involutivity can be examined via Lie brackets on the columns of If such involutivity can be established, then the reaction null space component of the joint velocity will be integrable.
Definition 3: The integral of (11), if it exists, is called the set of reactionless paths of an FSMS.
The reactionless paths guarantee decoupling between the base dynamics and the manipulator dynamics. Unfortunately, their existence cannot be always guaranteed. The only case when integrability is guaranteed, is that of a one-dimensional distribution (i.e., Nevertheless, in some important practical cases the system can be recast to fit into this category.
B. Existence of the Reaction Null-Space
A necessary condition for the existence of the reaction null-space is the availability of any of the following features: 1) kinematic redundancy; 2) dynamic redundancy; 3) selective reaction null-space; 4) rank deficiency of the inertia coupling matrix. We utilized kinematic redundancy when deriving the solution in the previous section. Recall the SSRMS/SPDM system as a representative example of this category [5] . On the other hand, we applied the concept of dynamic redundancy [17] to the general problem of moving base robotics and reaction management control [22] in assuming that special devices, called reaction compensators, are present. These devices are used just to control the reaction on the base, similarly to the usage of reaction wheels for satellite attitude control.
There are some applications, such as nuclear waste cleanup FSMS, when the stiffness of the flexible base along some of the generalized coordinates can be sufficiently characterized as high-stiffness while in other directions it would be characterized as low-stiffness. Reactions along the highstiffness directions do not disturb the base at all. In this case we introduce the selective reaction null space. Denote a selection matrix by diag where specifies a Cartesian-space low-stiffness direction, requiring zero base reaction, while otherwise. Then, we denote the selective reaction null space as Obviously, dim dim Generally, a reaction null space of higher dimension is desirable, since it yields more DOF when planning the reactionless motion.
Finally, the reaction null space will also exist when the inertia coupling matrix is rank deficient. Locations where is rank deficient constitute submanifolds in joint space. Thus, if one wishes to exploit rank deficiency to obtain reactionless motion, proper analysis should be done. This approach, however, would limit accessible areas in workspace, which is not desirable from a practical viewpoint. In our study below, we will therefore consider only the first three cases of reaction null space existence. On the other hand, we note that the inversion algorithms derived in Section III-A ( (9) and (10)) utilize the pseudoinverse of the inertia coupling matrix. Since pseudoinversion is sensitive to ill conditioning, care should be taken to avoid neighborhoods of such locations.
Finally, we note that sufficient conditions for the existence of the reaction null-space are related to the problem of design. Detailed analysis of this problem goes beyond the scope of the present work. We note here that increasing the number of degree of freedom (DOF) does not necessarily increase the dimension of the reaction null space. Also, note that motion in some of the DOF's, such as wrist motion for example, may yield quite insignificant inertial coupling. Taking an articulated arm with a distinctive upper/lower elbow arm structure as a typical example (e.g., the SSRMS), it should be apparent that reactionless motion can be obtained within the main arm plane. Reactions due to base rotation (which changes the orientation of the arm plane) are difficult to be compensated under the condition of kinematic redundancy. If one considers additional compensators, such as torque control gyros at the base, then base rotation disturbance is compensable via the dynamic redundancy condition.
IV. VIBRATION SUPPRESSION CONTROL OF FSMS
Vibration suppression via inertia coupling is a well-known approach applied to FSMS (cf. e.g. [9] ), and flexible-link manipulators [21] . Note that no redundancy (in terms of existence of the (selective) reaction null space) was assumed. As already explained, the presence of such redundancy implies the existence of continuous manipulator motion that does not disturb the equilibrium of the elastic subsystem-base or flexible link structure. Even in case of nonstationary (vibrating) base, we can expect that reactionless motion will have a minimal (though not exactly zero) contribution to the change of the state of the base.
We will propose two control laws for vibration suppression. The first one makes use of the assumptions in Section II-B which have been successfully exploited for vibration suppression of flexible-link manipulators [21] . The second control law will be based on exact cancellation of the nonlinearities.
A. Acceleration-Based Vibration Suppression Control
Recall that when the base vibrates, (9) does not exactly reflect the dynamics; there will be additional coupling due to velocity dependent nonlinear terms and due to base position/attitude dependent change of the inertias. Nevertheless, the assumptions in Section II-B can be used since the base is regarded as a passive structure, eventually vibrating around its equilibrium.
Equation (3) can be directly applied to effectively suppress base vibration when the initial arm configuration is stationary. This control law has to be modified, however, to reflect the presence of redundancy:
Proposition 3: (Acceleration-based vibration suppression control)
In the presence of redundancy, the control (12) where is an arbitrary control input, ensures optimal (in a least squares sense) vibration suppression control. Proof: Substituting the above control law into (6), we obtain (13) where use has been made of the identity (14) The last equation shows that with proper choice of the constant gain we obtain a damped vibrational system. Optimality in least squares sense follows from the property of the pseudoinverse.
An important result, following from the above identity, is that the arbitrary control input has no contribution to the vibration dynamics. Hence, this control is potentially useful for other control tasks. We shall come back to the problem in the following subsection.
Remark 1: As noted in [21] , no torque appears explicitly in the control equation. Nevertheless, it was shown that implementation of this control law into a velocity-based closed-loop servo controller is straightforward.
Remark 2: It is well known from studies of kinematically redundant systems that the pseudoinverse induces a nonintegrable distribution. This results in drift in configuration space. When the FSMS does not dissipate energy, vibration suppression would result in nonzero coupling momentum conservation, and hence, constant drift of the manipulator in inertial space. In reality, joint damping always exists (cf. the term in (1)), and therefore, the arm would stop after a while. In spite of this, it might be desirable to have control over the joint damping process. Hence, we modify our control law as (15) where is the joint damping control gain. This is possible, since vibration suppression control may admit superposition of a manipulator joint-space nonlinear control law, provided the gains are selected with special care [9] , [21] .
B. Torque-Based Vibration Suppression Control Proposition 4: (Torque-based vibration suppression control)
Consider the control law (16) where Under well-conditioned inertial coupling, the above control guarantees that system damping is achieved. Proof: From the system dynamics (1) we eliminate the joint acceleration by solving first the upper part for and then, substituting the result into the lower part. We obtain (17) where The closed-loop system is given by (18) or (19) where we assumed that joint damping has been exactly canceled out with Premultiplying first by and then by we obtain (20) where use has been of the identity (14) . Under wellconditioned inertial coupling, the matrix expression is full rank. Then, with proper choice of the constant gain base vibration will be suppressed.
Remark 1: The above derivation shows that base vibration can be suppressed even with Remark 2: The condition for exact cancellation of joint damping can be relaxed in order to gain controllability over arm drift (cf. the discussion in the preceding subsection).
V. REACTIONLESS END-EFFECTOR MOTION CONTROL
The main difference between existing vibration suppression controls [9] , [21] and our control law (12) , is the appearance of the term in the latter, and also in the torque-based control law (16) . Below, we will show that this term is useful to derive a reactionless end-effector motion control law.
First, recall that the set of reactionless motion under the condition of a stationary base, as given in (9), is parameterized by the unknown vector To determine this vector we employ the end-effector kinematics (21) where denotes task coordinates and is the end-effector Jacobian. We assume that the number of task coordinates is less then the actuators Note that the reference frame is at the base. After some formula manipulation, one obtains (22) where is a restricted Jacobian matrix appearing typically in redundancy resolution schemes [26] . It can be shown that for any and hence, the second term on the right hand side is indeed a reaction null space vector. Thus, we can write (23) Consider now the following Proposition 4: (Reactionless end-effector motion control) Let the control law be given by (16) with (24) where is the desired end-effector path, is the path tracking error and and denote proper gain matrices. With a well-conditioned restricted Jacobian the end-effector error converges to zero asymptotically.
Proof: Substitute (23) and (24) into the closed-loop (19) , under the condition of a stationary base, to get (25) Since both and are full rank, with a proper choice of the gains and the end-effector path tracking error must go to zero, asymptotically. Remark: The full rank condition for the restricted Jacobian implies 1) well-conditioned inertial coupling (since the inertia coupling matrix appears in the formula of this Jacobian); 2) a nonsingular configuration of the manipulator (since the manipulator Jacobian appears in the formula); 3) avoiding any "task conflicts" which are reflected via so-called "algorithmic singularities," well-known from studies on kinematically redundant manipulators. In summary, we obtained two composite control laws, one acceleration based the other torque based, given by (12) and (16) respectively, in combination with (24) . The structure of the controllers is essentially the same. Thus, implementations will depend upon the motor drivers at hand. As will be shown below, it is even possible to implement the system within velocity based motor drivers, by approximating appropriately the acceleration based control law. A block diagram for the acceleration based controller is shown in Fig. 1 . It is seen that a resolved acceleration controller (RAC) is embedded into the structure. Feedback information is required for joint angles and velocities, and for the flexible base tip deflection (spatial) velocity.
Each of the control laws is capable of, strictly speaking, either base vibration suppression or reactionless end-effector path tracking (i.e., control subtasks one and two, respectively, as identified in the introduction). As far as the third control subtask is concerned (end-effector control in the presence of vibration), the above derivations show that it can be solved via any of the above schemes, provided there is task sequencing such that end-effector control is initialized only after vibration suppression has been completed. Of course, such task sequencing would introduce additional complexity. Fortunately, the experiments below show that the sequencing can be avoided in practice, and the two subtask can be initialized simultaneously.
VI. REACTION NULL SPACE VIA KINEMATIC REDUNDANCY: SIMULATION STUDY
We shall illustrate our approach first with a planar 3R manipulator mounted on a horizontally translating base, which is attached to the inertial frame through a linear spring and a damper. Zero gravity environment is assumed. The parameters of the base are: mass kg, damping Nsm stiffness Nm The parameters of the manipulator are: link length m, link mass kg lumped at the center of each link, link moments of inertia have been ignored. Fig. 2 shows the system, tracking with its end-point a path without inducing any disturbances to the base. Since the reaction null space is 2-D, it is possible to track any path in task space which complies with well-conditioned inertial coupling and full rankness of matrix Because of the decoupling property of the reaction null space, the selection of the feedback gains is not critical: for example, for the end-point control high gains are used diag s diag s The gain for base vibration suppression control was 10 rad First, base vibration suppression is demonstrated. We assume that base vibration is excited due to some external force at s (see Fig. 3 ). The base vibrates, with decreasing amplitude because of the natural damping. At s the vibration control is activated. We have included a joint damping term diag s into the control law for vibration suppression, which guarantees that joint velocity decreases to zero. As already mentioned, if joint damping would not be present, the manipulator would be loaded with a nonzero coupling momentum which is conserved, and which would result in constant drift of the manipulator.
Next, end-effector control is demonstrated. There is no initial deflection of the base. The path is similar to that depicted in Fig. 2 , and was planned through a fifth order spline. Other planning can be also used; there is no requirement for zero boundary conditions. Fig. 4 shows the results. The reference path 4 is tracked perfectly, with practically zero base disturbance. Note, that the manipulator comes entirely to rest; no external energy has been introduced into the system which would have caused arm drift.
VII. THE SELECTIVE REACTION NULL SPACE: EXPERIMENTAL STUDY
A. Experimental Setup
The experimental setup TREP, designed at Tohoku University, consists of a small 2R rigid link manipulator attached to the free end of a flexible double beam representing a flexible base (Fig. 5) . The manipulator is driven by DC servomotors with velocity command input. There is no hardware limit for the rotation of the second joint. In this way, a reactionless path can be tracked in a cyclic manner, and there will be no time limit when performing unidirectional reactionless path tracking experiments. Joint positions are measured by optical encoders and are fed back for position control. Elastic base deflection and base reactions are measured by the strain gauge and the force/torque sensor, respectively. Using a simple static model of the elastic beam, base deflection is transformed into base tip displacement, which is fed back in the control part responsible for base vibration suppression. The photo of TREP is shown in Fig. 6 .
B. System Model
The TREP FSMS is modeled according to Fig. 7 . The local coordinate frame fixed at the attachment point of the manipulator to the beam, is referred to as the flexible base coordinate frame. The parameters of the manipulator and the base are presented in Tables I and II , respectively. Since the flexible base has been designed as a double beam, the reaction torque can be neglected as a disturbance. This is also the case with the reaction force component along the longitudinal axis of the base. Thus, we shall consider just the reaction force along the so-called low stiffness direction, which coincides with the axis of the flexible base coordinate frame. This means that
Since the manipulator has two manipulator center of mass, projected onto the low-stiffness axis. This is written as (26) where denotes the total mass of the manipulator, and stands for the inertia coupling matrix, with
The reaction null space vector becomes then (27) Zero initial coupling momentum will be conserved with any joint velocity along the reaction null space vector. This vector induces a one-dimensional distribution in joint space, which is always integrable. Consequently, the set of reactionless paths of the system can be obtained. This set is displayed in Fig. 8 .
C. Control Law Derivation
The derivation of the composite control law follows that presented in Section IV. More specifically, we will use the acceleration-based formulation which is most suitable for motor drivers admitting velocity commands, as is the case with TREP.
Equation (6) where is the additional control input. Because of the orthogonality between the two terms and it is clear that they will not influence each other. The pseudoinverse ensures the most efficient (in a least-squares sense) inertial coupling between the base and the manipulator.
The fact that the reaction null space is one-dimensional shows that there is only one degree-of-freedom left for the end-point control. This degree-of-freedom is realized as any desired (scalar) acceleration along the reactionless path. In practice this means that even very high velocity/acceleration would be admissible, as long as the motion does not deviate from the current reactionless path.
To adjust the composite control (29) to velocity command based motor drivers, we integrate the control. Thereby we assume that the rate of change of is much slower then the rate of change of which is justified if one considers the fact that can be regarded as a "fast" variable. Thus, when integrating the term we assume a constant and obtain the following approximate integral form of the composite control (29):
where It is apparent that the reference reactionless path (determined by the integral in (30)) is tracked under position feedback control, making use of the gain Note that such representation was possible, since can be chosen arbitrarily. A block diagram of the controller is shown in Fig. 9 .
D. Experiments
We have conducted a series of experiments for vibration suppression, reactionless path tracking and composite control. In all the experiments, the initial configuration was the same: the arm was extended and aligned with the flexible base 1) Vibration Suppression: This experiment was performed at a fixed configuration, coinciding with the initial configuration mentioned above. The control law (30) was used, where the integral was replaced by the joint angles values of the fixed configuration. A relatively small position control gain was selected: s The vibration gain was chosen as s An arbitrary external force input was applied. Fig. 10(a) and (b) show the results for the cases with and without vibration suppression, respectively. The effectiveness of the vibration suppression was confirmed. 
2) Reactionless Motion:
The same vibration suppression feedback gain was used s The position feedback gain was increased to s The reactionless end-point reference path is shown in the upper part of Fig. 11(a) . This path is generated on-line, by the integral term in (30). The speed along the path was determined from the variable which was designed as a fifth-order spline function of time. In order to verify the possibility for an arbitrary choice of we performed the motion on the same path twice, with different velocities (called fast and slow). The lower three graphs in Fig. 11(a) show the results. It is seen that almost no base vibration is excited in both cases, in spite of the significant difference in the joint velocity. For comparison, Fig. 11(b) shows a point-to-point motion path with the same boundary conditions as in the previous motion. The base vibrates significantly. 
3) Control Experiment in the Presence of Unmodeled Dynamics:
The above experiments have confirmed that the composite control law is useful to solve the vibration suppression task and the reactionless path tracking task independently. As already mentioned, we may expect that the control will be also useful when there is additional coupling resulting from simultaneous base vibration and manipulator motion. The same reference reactionless path as in the previous experiment was used, which was tracked however in a cyclic manner. After accelerating the arm smoothly, the variable was kept constant as While tracking, an external force was applied to the system. Fig. 12(a) and (b) display the results in the case with and without vibration suppression control, respectively. In the former case, we see that base vibration is effectively suppressed. Though, a comparison with the case when the initial state of the manipulator was stationary [cf. the upper part of Fig. 10(a) ], shows slight deterioration in suppression performance. Of course, the arm deviates from the reactionless path when suppressing the vibration, but thereafter, it quickly converges to the reference input. No instability is observed. In the other case [ Fig. 12(b) ], by comparison with the upper part of Fig. 10(b) , it is clearly seen that the vibration of the base is not disturbed at all through the reactionless joint motion.
VIII. CONCLUSION
The main contribution of this work are two composite control laws-one acceleration based, the other torque based-both of them capable of end-effector path tracking control without inducing disturbances on the flexible base, and in addition, of base vibration suppression control. Note that these are control subtasks two and one, respectively, as identified in the introduction. Some of the dynamic terms, e.g. nonlinear velocity-dependent coupling terms and dependencies of inertias on the elastic coordinates, have been ignored. Thus, complexity has been decreased, and we obtained controls which we claim to be suitable for realtime implementation, even in the case of larger systems. Besides decreased complexity there is another merit: the control gains can be selected in a straightforward manner since the manipulator and the flexible base are considered as two independent subsystems. Such independence is due to the orthogonal decomposition of joint space via the reaction null space operator. On the other hand, note that the independence means that, at least theoretically, the two subtasks cannot be tackled simultaneously. Experiments have shown, however, that system stability ensured via the reaction null space decomposition seems to have a sufficiently large margin to cope with the unmodeled nonlinear dynamic effects mentioned above, and hence, to ensure simultaneous subtask performance. The derivation of precise expressions for this stability margin is a matter of future studies. Note that such simultaneous subtask performance means that the controls can handle the third subtask identified in the introduction, as well.
The control laws proposed here are general enough to cover various cases of redundancy, including kinematic and dynamic redundancy, as well as redundancy due to selectivity, as introduced here. We have demonstrated via examples how the cases of kinematic redundancy and selective redundancy can be handled. Meanwhile, we were able to tackle also the case of dynamic redundancy, by adding a second arm to the experimental testbed TREP. The results obtained [27] agree well with the theories presented here.
Finally, we note that the decomposition of the dynamics by means of the inertia coupling matrix, as well as the analysis based on the coupling momentum, provides insight into the physics of the system. For example, it shows clearly that base vibration suppression in a system without energy dissipation results in change of the coupling momentum, such that after the suppression the manipulator never comes to rest.
